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H Abstract 

We consider noncommutative AA = 4 supersymnietric U{N) Yang- Mills theory. Using the Af = 1 
superfield formalism and the background field method we compute one-loop four point contribu- 
tions to the effective action and compare the result with the field theory limit from open string 
amplitudes in the presence of a constant S-field. 
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String theory dynamics in the presence on a nonzero -B-field leads to the appearance of 
noncommutative geometry, giving rise in the field theory limit to noncommutative gauge 
theories [|l|. 

Field theories on a noncommutative spacetime can be formulated using standard field 
theoretical methods, trading the noncommutative property of the geometry with a defor- 
mation of the multiplication rule between the fields. In practice one simply replaces the 
ordinary product between the fields with the ^-product, which absorbs and contains the 
non local nature of the noncommutative theory. In this framework one can proceed and 
quantize the theory: the Feynman rules are modified by the appearance of exponential 
factors at the vertices, but otherwise standard perturbation theory can be applied. Indeed 
a lot of progress has been made in this direction P, |^. 

Supersymmetric versions of noncommutative field theories have also been considered 
and in particular their formulation in superspace has been presented 0, ^. In this letter 
we address the issue of quantization and perturbation in a superfield-superspace approach. 
The supersymmetric noncommutative theory is defined on standard superspace, while su- 
perfields are multiplied via the ^-product. The ^-operation does not touch the fermionic 
coordinates and simply introduces derivatives of superfields which are themselves super- 
fields again. Therefore the quantization is performed in a standard manner. The only 
modifications are in the interaction terms which contain exponential factors from the 
*-product. One constructs supergraphs and performs the D-algebra in the loops with 
no new rules as compared to the commutative case. Once this is done, one is left with 
momentum integrals which are of the same kind as for bosonic noncommutative theories. 

As an illustration of the general procedure outlined above, we study the quantization 
of noncommutative A/" = 4 supersymmetric U{N) Yang-Mills theory in a A/" = 1 superfield 
setting. We compute one-loop four point contributions to the effective action using the 
background field method. The result we obtain is in perfect agreement with the field 
theory limit from open string amplitudes in the presence of a constant S-field p . 

Using the definition of the ^-product for superfields 

(01 * 02) {x, 9, 6) = e^®"^ air af- 0^(a;, e, e)<P2{y, 9, d) \y=^ (1) 

the classical action for the noncommutative A/" = 4 supersymmetric Yang-Mills theory, 
in terms of A/" = 1 superfields, can be written as (we use the notations and conventions 
adopted in [0) 

5 = 1 Tr (" / (fx (fe e~^^,e^¥ + - f d^x dPO W^ + - f d^x d^O W^ 



+ ^J d^x d^e zei,fc$^[$^ ^'^l + \J d^x d^e le'^'^il^,,^, 



(2) 



where the symbol |* implies that the multiplication of superfields is performed as de- 
fined in d^). In (^ the $* with i = 1,2,3 denote three chiral superfields, while VF° = 
iD'^{e~^D"'e^) is the gauge superfield strength. All the fields are Lie-algebra valued, e.g. 



$* = ^aTa, and Ta are U{N) matrices. The *-product in (|I]) not only maintains explicit 
supersymmetry; it also preserves gauge invariance. In fact it is easy to show that the ac- 
tion in (0) is invariant under nonlinear gauge transformations, which are just the obvious 
generalization to the noncommutative case of the standard ones 0, |^ 

$ ^ ei^*^*e-'^ $ -^ ef'*^*e-'^ (3) 

with a gauge parameter A which is a chiral superfield. 

Now we want to study one-loop corrections to the effective action. We perform the 
quantization directly in superspace and take advantage of the background field method 
which greatly simplifies the calculations. For ordinary commutative theory it has the 
additional, main property of keeping explicit the gauge invariance of the result, at every 
stage of the perturbative computation. For the noncommutative theory defined in (0) we 
will find that the one-loop effective action is still expressible in terms of field strengths, 
as the background field method guarantees, but the *-product is not maintained. This 
result confirms what expected from one- loop string theory |^, |^ . 

The background field quantization has been used efficiently in perturbative calculations 
for commutative SYM theory |^, ^ |l^ . We briefly summarize the method and the results 
in order to extend them to the noncommutative case. 

The quantum-background splitting can be most easily formulated in terms of covariant 
derivatives. To this end first one rewrites the gauge Lagrangian as 

Triy2^-TrQ[VMV^,Vj])' (4) 

with 

_y_ v_ - v_ - _v_ 

Vq, = e 2 Da e 2 Va = e 2 Da e 2 (5) 

Then one performs the splitting by rewriting them in terms of the quantum prepotential 
V and background covariant derivatives 

_v_ v_ - v_ - __y_ 

Va ^ e 2 Va 6 2 Vq, — > 62 Vq, e 2 (6) 

where now the covariant derivatives are expressed in terms of background connections, 
i.e. 

V« = D, -ir„ Vc. = D<i-zfi Va = da-iV^ (7) 

The quantum gauge invariance is fixed through the introduction of background covariantly 
chiral gauge fixing functions, V^F and V^F. When added to the classical Lagrangian (^) 
they lead to 



^rTr 
2^2 



e-^V"e^) V^ (6-^V„e^) + V (v^ V^ + V^V^) V 



so that the quantum quadratic gauge Lagrangian can be written as 



1 

2? 



TtV 



-VVa - iW^Va - iW^Va 



V 



(9) 



where |V°Va is the background covariant d'Alembertian and W" is the background field 
strength. Since we are interested in one-loop calculations we only need terms in the action 
which are quadratic in the quantum fields. Thus the expression in (|^) suffices: from there 
one can isolate a free kinetic term plus interactions with the background. Using the 
definitions of the connections in (|^) one finally obtains 



2g' 



rTr V 



- iW^iDa - iT^) - iW'^iDa - if a. 



V 



(10) 



The quantum vector fields have standard propagators and interactions with the back- 
ground that one reads from ([T0|) . 

The gauge- fixing procedure requires the introduction of ghost fields |0]. We have two 
Faddeev-Popov ghosts c and c'. Moreover, since we have chosen background-covariantly 
chiral gauge-fixing functions, we need a Nielsen-Kallosh ghost b. They are all background 
covariantly chiral superfields, i.e. VqC = Vac' = Vq,& = 0. 

For J\f = 4 supersymmetric Yang-Mills we have in addition the three background 
covariantly chiral matter superfield $' ( see (0) ). In this case one- loop contributions 
to the effective action with external vector ffelds can be easily computed [|ll|, 0. One 



finds that for a diagram with an arbitrary number of external vector background lines, 
the loops from the three chiral matter fields are exactly cancelled by the corresponding 
loops from the three chiral ghosts which have opposite statistics. Only quantum vector 
loops survive and they give the first nonvanishing result at the level of the four-point 
function. This is due to the fact that superspace Feynman rules require the presence of 
two D's and two i)'s for a non zero loop contribution. From the action in ( ]T0| ) we have 
interactions with the background fields at most linear in the D's. Therefore at least four 
vertices are needed. The calculation is straightforward and leads to a very simple result: 
the four-point vector amphtude is given by 

r ^ iTr Jd^O d^e ''^^ ''^^^p ''^^ Si^p.) Go(p. ...p.) 

W-(pi)W„(p2)W"(p3)W^(p4) - ^W-(pi)W°(p2)W,(p3)W^(p4 

fll^ 



where Gq is the four point scalar integral 

Gn = / d^k 



{k + piYk'^{k: - P4y{k + pi + P2Y 



(12) 



In order to make contact with corresponding calculations in ordinary Yang-Mills theory, 
we observe that from ([TT|) we obtain the expected bosonic expression, i.e. 



- iw^(pi)W,"(p2)W„,(p3)W^d(p4) 



4^ a -^ fiiyb^ c ^ pcrd o a b ^ f^uc^ pad 



(13) 



Now we want to repeat the computation for the noncommutative theory. 



We go back to the A/" = 4 Yang-Mills action in (|^). Since, as already emphasized, the 
♦-product does not affect superspace properties, it is clear that the various steps of the 
background field quantization can be implemented even in this case. We can go all the 
way to the action in ( JTIID and there too we replace the ordinary multiplication between 
superfields with the *-operation. Following what we have done in the commutative exam- 
ple, we consider terms in the effective action with external vector fields. At the one-loop 
level again we find that ghost contributions cancel matter superfield contributions and 
one has to deal only with vector quantum loops. As before, for D-algebra reasons, the 
two- and three-point functions are zero and the first nonvanishing result is a loop with 
four vertices. Thus we focus on this calculation. 



We have to compute a box supergraph with Feynman rules that can be obtained di- 
rectly from ([T0|) with the appropriate *-multiplication inserted. For any noncommutative 
theory the quadratic part of the action is the same as in the commutative case. Thus we 
have in momentum space the vector propagators given by 



pi 



(14) 



The relevant vertices are ( cf. ([T0|) 

1 



2^^ 



:Tr V * 



iWD^ + iWDa 



*V 



(15) 



and one needs two D's and two D's for a nonzero completion of the D-algebra in the loop. 
As in (0) we always obtain two W's and two W's, a factor with four scalar propagators, 
and in addition exponential factors from the *-product at the vertices. 



More precisely, using the definition in (|I|), the three-point interactions can be written 
in momentum space as 

1 



1 
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— K(A:i) iW^{k2)D^ + iW^{k2)D^ V,ik 



Tr^T^T'T") e 



i (fci X A;2+fc2 X fca +A;i X fes) 



(16) 

with momenta flowing into the vertex, ki + k2 + k^ = and ki x kj = {ki)fj,Q^'^{kj)v In 
order to obtain a box diagram we need a forth order term from the Wick expansion, with 
two Ws and two W's, i.e. ^2'^y U^ ^^- Every vertex, when inserted in the loop, gives 
rise to an untwisted and a twisted term 



W(A;i, A:2, A;3) ^ K(A;i) iW^{k2)D^V,{k^) TriT'^T'r) e 



-|(A;ixfc2+fc2Xfc3+A;ixA;3) 



-Tiirr^T^) e 



K^i xA:2+fe2 xfca+fci xfcs) 



(17) 



with the understanding that now the quantum lines have to be Wick contracted in the 
order in which they appear. As in the commutative case, there are two possible ar- 
rangements of the vertices in the loop, i.e. W(1)W(2)W(3)W(4) with multiplicity two, and 
W(1)W(2)W(3)W(4) with multiphcity one. 

The D-algebra is trivial and it gives DaDpDaDp -^ CpaC^^ and DaDaDpD^ — > 
—CpaCp^ respectively for the two arrangements of the vertices. We obtain a result that 
we can write symbolically as 



1 
32 



W W„ W Wa 



W W W„ Wa 



where we have defined ( see (|Tj 

U''{ki,k2,ks)=U^{ki,k2,ks) +U^{ki,k2,ks) = Va{ki) lW^{k2)V,{k,) 



rp (rparTibrpc\ - i(A:i X fe2 + fc2 X fes + fcl X fca) ry /rpcrpbrpa\ ^ (fcl X fc2 + fc2 X fca+fcl X ^3) 



(19) 



The V quantum lines must be contracted in the consecutive order as they appear in (p^Sl). 
Substituting (^) in (|TBp, we obtain the sum of sixteen terms: two of them, i.e. the ones 
which contain all untwisted P and all twisted T vertices correspond to planar diagrams. 
All the others, i.e. the ones with two P and two T vertices (a total of six), the ones with 
one P and three T's (a total of four) and the ones with one T and three P's (a total 
of four), correspond to nonplanar graphs. Now we analyze these contributions in some 
detail. 



As anticipated above, the planar diagrams correspond to terms from (|T8D which contain 
either four untwisted vertices Up or four twisted vertices Ut- For the U{N) gauge matrices 



we use the relation T°jT^i = SuSjk, and obtain the following contribution to the effective 
action 

Tplanar = ^ j d 6 (l 6 —— Kl^Pi) Goi.Pl ■■■Pi) 

'J'.^^rparpbrpcrpd\ g^ {p2 Xpi+pi Xp4+p2 Xp4) _|_ g^ f (P2 Xpi+Pl Xp4+p2 Xp4) ('2Q') 

with Go defined in (|12]). Comparing (|20| ) with the result in the commutative theory we 
find that the only difference is given by the exponential factors which depend on Q and on 
the external momenta 0]. In fact the exponentials are such to reconstruct the *-product 
between the field strengths, yielding 

Tpianar = ^Tr J d^O d'^O — ^ ^ 5(^Pi) 6*0(^1 . . . Pi) 

(W"(pi) * W„(P2) * W<^(P3) * W^(p4) + W"(P4) * W^(P3) * W°(p2) * W„(pi) 
-^W"(pi) * W°(J92) * W,(j93) * W^(p4) - ^W"(p4) * W°(p3) * W^ip^) * W^ip^] 

(21) 

Making use of the relation in (p!3| ) with appropriate *-products implemented, we can 
obtain the bosonic expression corresponding to (^l]). Now we turn to the study of the 
nonplanar supergraphs. 

The various nonplanar diagrams can be collected in two distinct groups. There are 
graphs in which two vertices are twisted. In this first class the U{N) matrices produce 
a factor like Tr(TPT'^)Tr(r''T*). Then there are the graphs in which one (or equivalently 
three) of the four vertices are twisted. For them the trace on the gauge matrices factorizes 
as Tr(TP) Tr (T'^T^'T*). In both cases the phases from the ^-product at the vertices will 
contain a dependence on the loop momentum. 

We illustrate the procedure considering nonplanar graphs in the first group, from a 
structure of the vertices like PPTT. Looking at ( |T8|) we find that these contributions 
come from 

Lip lApd CArp LiTa — 7: Up Lip Lixct LiTa (22) 

With the external momenta in the order pi, p2, Ps, Pi-, the exponentials from the *- 
operation at the vertices give 

g-|(-PlXfc) g-|[-p2X(fc+pi)] gi[(pi+p2+P4)x(fc-p4)] g|(A;Xp4) /'23-\ 



We find a contribution to the effective action of the form 

T- '^ f ^2n j2n ^^^1 ^^2 d'^Ps d^Pi ..>^ 

rpPTT = ^ JdOde ^-p 5(Ep. 

pi{pi+P2)xk 



g-tPixp2 g|P3xp4 [Tr(W"(pi)W«(p2) )Tr(W"(j93)W^(p4)) 

(24) 



-i Tr(W"(pi)W"(p2)) Tr(W„(p3)W^(p4)) 



We introduce a mass IR regulator, in order to avoid divergences which would arise in 
the zero limit of the external pi momenta, and we perform the loop integration using 
Schwinger parameters for the denominator factors from the propagators. In this way we 
obtain 

r pi{pi+P2)xk 

J \{k + piY + ^] [^^ + "^^] [{k — PaY + fn^] [{k + pi + P2Y + "^^] 

4 
= / TT da- e""™^ / d^k e""'^^ ^-iky^{pi+P2) g^[aipixp2-a3P4x(pi+p2)] 
Jo f}^ ' J 

a-^[-{a.i+a4){a2+a-j,)p\-{ai+a2+a'j,)a4,p\-{ai+a.2+a4,)a-j,p'^ 
„-^[(a2+ci3)onpi-p2+(ai+ai)a-ipi-p4,+a-ia4P2-p4\ 

= / TT (ia g-^(Pi+P2)o(pi+P2)g-am2 ^±[a-ipiXp2-a3P4X(pi+p2)] 

Jo t\ ' a^ 

■^[-(ai+a4){a2+a-i)pl~(ai+a2+a3)a4p'^-{ai+a2+a4)a3pl] 



2 I 



g-f [(02+03)041)1 •P2 + (ai+04)a3Pl-P4+03"4P2-P4] (2^) 

where we have defined 

pop = p^@l^py (26) 

and 

a = «! + a2 + «3 + «4 (27) 

Introducing new integration variables 

A = a = ai + a2 + tts + tt4 ii = — z = 1, 2, 3, 4 (28) 

a 



we obtain 



JO JO ^^-^ 

g«ClPlXp2-i6P3Xp4 g-A[{6+?4){6+&)P? + (l-C4)?4P2 + (l-?3)C3P4] 



-2A[{52+C3)C4Pl-P2 + (?l+C4)?3PrP4+6C4P2-P4] 



(29) 



This result reproduces the field theory limit obtained from string amplitudes in the pres- 
ence of a nonzero B field [^, |12|. The contributions from all the other nonplanar super- 
graphs can be written in straightforward manner. A more detailed presentation and a 



complete analysis will be given elsewhere |T3 



In the low energy approximation pi -pj small, with pi x pj finite, the integration on the 
A and C,i variables can be performed exactly 0. The final result from diagrams containing 
two P and two T vertices is given by III 



2P2T 



^ I se d'e "^'pi d% d% d^p, ^^^^^^ ^_.^^,p^ ^.^3,,^ 



1 

32 



(2vr) 



16 



Tr(W"(pi)W,(p2) )Tr(W^(p3)W^(p4)) 

+ Tr(W"(pi)W'^(p2)) Tr(W^(p3)W,(p4)) 

- IV(W"(pi)W"(p2)) Tt(W^{ps)W^{p^)) 

[ dX X e^^*^Pi+P2)o(Pi+P2)g-Am2 I ^^ ^> JiiPiXP2-ii3P3XPi 

Jo Jo 



^se' 



1 
2 



^2g ^2q d^Pl d% d% ^^P4 ..y- . {Pl + P2) ° {Pl + P2) 

sin(2i|i^) sin(23|£±) 



PlXp2 
2 



P3XP4 
2 



K2{2mJ{pi+p2) o (pi +P2)) 



Tr(W"(pi)W,(p2)) Tr(W"(p3)W^(p4)) 

+ Tr(W"(pi)W"(p2)) Tr(W^(p3)W„(j94)) 
- Tr(W"(pi)W<^(p2)) Tr(W,(p3)W^(p4)) 



(30) 



where K2 is the modified Bessel function. 

The low-energy effective action contribution in ( pO] ) cannot be rewritten, as it was the 
case for the planar diagrams, in terms of *-products of field strengths. Moreover gauge 
invariance under the transformations in (^) is not maintained. On the other hand we are 
reassured that nothing went wrong in the quantization procedure, since our perturbative 
field theory result is in complete agreement with the field theory limit from one-loop 



8 



four-point scattering on D3-branes as computed in p, ^ . It would be interesting to see if 
one can implement gauge invariant operators perturbatively, using techniques suggested 
ni |15i. In any event it appears that nonlocality, which is an intrinsic property of 



m 



the noncommutative theory, might require a modified and deeper understanding of the 
concept of gauge invariance. 
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